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1. INTRODUCTION AND STATEMENT OF RESULTS 
Following the classification of finite simple groups, one of the major 
problems in finite group theory today is the determination of the maximal 
subgroups of the almost simple groups-that is, of groups X such that 
X0 u X< Aut X, for some finite non-abelian simple group X0. The 
problem has been solved for most sporadic groups and groups of Lie type 
of low rank (see [ 19, Sects. 3, 43 for discussion and references). This paper 
is a contribution to the case where X0 is an alternating group A, (so that 
for n # 6, X is A, or S,). 
The maximal subgroups of A, and S, are known for several classes of 
degrees n: 
n =pa with p prime [7]; 
n=kpwithpprime,k<p [21]; 
n any odd number [ 14,221. 
Nevertheless, the general problem of listing all the maximal subgroups of 
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A, and S, for all degrees n remains intractable, since it involves essentially 
finding all primitive permutation representations of all almost simple 
groups (see the O’NanScott theorem below). However, a substantial 
general result is possible and is obtained in this paper. We now describe it. 
According to the O’Nan-Scott theorem, stated as the second theorem in 
[2, Appendix], if X is A,, or S,, acting on a set Q of size n, and G is any 
maximal subgroup of X with G #A,,, then G satisfies one of the following: 
(a) G=(S,xS,)nX, with n=m+k and m#k (intransitive case); 
(b) G= (S,wrS,) n X, with n =mk, m > 1 and k> 1 (imprimitive 
case); 
(c) G = AGL,(p) n X, with n =pk and p prime (affine case); 
(d) G = ( Tk . (Out T x S,)) n X, with T a nonabelian simple group, 
k>2andn=ITlkP’ (diagonalcase); 
(e) G = (S, wr Sk) n X, with n = mk, m > 5 and k > 1, excluding the 
case where X= A, and G is imprimitive on L2 (wreath case-see Remark 2 
below); 
(f) T 4 G < Aut T, with T a nonabelian simple group, T # A, and G 
acting primitively on 52 (almost simple case). 
Thus it is of fundamental importance to investigate the maximality in 
A,G of the groups G under (ah(f). This is carried out in this paper. Our 
conclusion is that such groups G are in general maximal, with an explicit 
list of exceptions. We prove 
THEOREM. Every maximal subgroup G of A, or S, is of one of the types 
(a)-(f) above. Conversely, if G is a subgroup of A, or S, of one of the types 
(a)-(f), then G is maximal in A,G, unless G < H < A,G with G, H, n as 
described in (I) or (II) below. 
(I) G is of one of the types (a)-(e): here G is always maximal if 
A,G = S,; also G is maximal if G < A,, except when G, H are as in Table I 
below. 
(II) G is almost simple of type (f): here one of the following holds 
for G, .H: 
(A) H is of one of the types (at(e) and G, H are as in Table II; 
(B) H is almost simple of type (f), and in Tables III, IV, V, and VI 
all such pairs G, H, with G maximal in H, and sot G # sot H, are listed. 
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TABLE I 
Containments G < H < A,G with G of Type (aHe) 
G Type of G H n 
23.q 
7.3 
11.5 
17.8 
23.11 
AGLd2) 8 
L,(2) 7 
L*(ll)orM,, 11 
L,(16) .4 17 
M23 23 
As can be seen from the tables, almost all the exceptions to maximality 
occur when G is of type (f), that is, when G is an almost simple primitive 
group of degree IZ. The main tools used to determine precisely when 
such groups are non-maximal in A,G are the results in [lo, 231 on 
factorizations of almost simple groups. 
The theorem is well-known for groups G of type (a) or (b); and for G of 
type (c), it is a consequence of [25] when k 2 2 and of the classification of 
transitive permutation groups of prime degree when k = 1 (cf. [ 71). For G 
of type (e), the result has been proved by Jones and Soomro [12] in most 
cases, and completely by P. M. Neumann (see [ 12, Appendix]). We give a 
short new proof in Section 3. We remark also that a few very special cases 
with G of type (f) have been considered in [8, 16, 27, 29, 303. Finally, since 
completing our work on Sections 24 of this paper, we have received a 
preprint of M. Aschbacher entitled “Maximal subgroups of finite alter- 
nating and symmetric groups,” which proves the results in Sections 2 and 
3, and also a small part of Section 4. 
TABLE II 
Containments G < H < A,G with G of Type (f), H of Type (at(e) 
sot G H Type of H n Comment 
b(7) AGL,(2) 
A6 sf, wr s, 
M12 s12 wr s* 
SP4(9) S,wrS,, 
(9 even, 9 > 2) m=tq2(92-1) 
(cl 
(e) 
8 
36 G contains an outer 
automorphism of Sg; 
see 4.4. 
144 G = M,*.2; see 4.4. 
&4(9z-l)2 qeven,9>2andG 
contains a graph auto- 
morphism; see 4.4. 
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Remarks. 1. A collection of almost simple primitive permutation groups 
Gi on a set 52 of size n, which satisfies 
G,<G*<...<G,+,<A,G,+, 
is said to be a chain of length r if, for 1 < i < r, Gi is maximal in Gi+ 1 and 
Gi, Gi+ , have different socles. Thus Tables III-VI list all chains of length 1. 
In fact all chains of any length can be read off from these tables. For each Y 
TABLE III 
Containments G < H < A,G with G Maximal in H, Both G and H of Type (f), sot G # sot H 
and sot H an Alternating Group A, 
c, where 
sot G sot H=A, n 52 (with H-action) Comment 
A, 8 
A6 8 
A6 I 
A7 9 
A,, 12 
A LO 12 
A LO 11 
A 23 24 
A22 24 
A 22 23 
A 175 176 
“f-1 
A, 
.42dm I 
A,/-, 
Ml, 11 
Ml2 12 
‘4422 22 
M23 23 
M24 24 
HS 176 
CO3 276 
L,(q) q+l 
Wq) 
276 
22”- I + p I - 
Pfl 
2d 
21 
q2+ 1 
15 PG,@) 
15 PG#) 
15 PW2) 
120 (4: P%(8)) 
2520 (‘412: M12) 
2520 (A,2: M,2) 
2520 (A,,: MI,) 
IA,,: M24I (A,,: M24) 
1.424: M,,I (A,,: M24) 
IA,: M,l (A,,: M23) 
IA,,,: HSI (Am: HS) 
1 Ami : Co3 I (A2761 Co,) 
I A,.: %2,(2)1 (A,.:hA2)) 
(P-2)! (A p+ 1: L2(P)) 
1 A2d: AGLd2)l 
1 21 
z I 0 
55,165 2-sets, 3-sets 
66,220,495 2-sets, 3-sets, 4-sets 
231 2-sets 
253, 1771 2-sets, 3-sets 
276,2024 2-sets, 3-sets 
15400 2-sets 
37950 2-sets 
Ml+ 1) 2-sets 
fq2(q2 + 1) 
(Ay: AGL,(2)) 
I, I-partitions 
2-sets 
G = S, 
G=S, 
G=S,,, 
G=S,, 
da3 
p an odd prime, 
p>5,andG=S, 
ifpG {7, 11, 17, 23) 
da3 
123 
q > 5, and G > L*(q) 
ifqe{7,9,11} 
q=2=+‘>8 
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TABLE IV 
Containments G < H < A,G with G Maximal in H, Both G and H of Type (f), sot G # sot H 
and sot H a Sporadic Group 
sot G sot H n Q 
L2(11) 
L*(ll) 
Ml, 
L2(11) 
Ml1 
M*3 
M23 
M23 
L2W) 
L2W) 
M22 
11 (Ml,: M,o) 
55 (Ml,: M9.2) 
12 (Ml,: Ml,) 
12 (M,z: MII) 
66 (Ml,: Ml041 
1288 (M2.4: Ml2 .2) 
1771 (Mz4 : 26. 3 S,) 
40320 wf,: ~~(23)) 
24 (M24: M2,) 
276 CM,‘%: M22 2) 
176 (HS: U3(5). 2) 
there exists a chain of length r: for example, we can take Gi= Sp2,(22’-‘+‘) 
for 1 < i < r + 1, with Q = (Q+(2): 0$(2)). Here are a few other chains: 
~,~&3~SP6(2)<%+(2) with n = 120, 
Ml2 < A12 <Q,(2) with n = 495, 
J2 < G(4) < s&(4) with n = 2016, 
co, <52&V) < %24(2) with n = 211(212 - l), 
A,,<A,,<A,, withn=/A,,:M,,/, 
Mll<M,z<A,2 with n = 66, 
G,(q) < %dq) < =6(q) with q even and n = (q6 - 1 )/(q - 1). 
2. The groups excluded by the primitivity condition in case (e) occur if 
and only if X=A,, k=2, and mm2(mod4). 
TABLE V 
Containments G i H < A,G with G Maximal in H, Both G and H of Type (f), sot G Zsoc H 
and sot H an Exceptional Group of Lie Type (Excluding G,(2)’ z U,(3) and ‘G,(3)’ z L,(S)) 
sot G sot H n a Comment 
fJ3(4) 
J2 
3~s(qX 4 even 
G(4) 416 
G,(4) 2016 
F.+(q) q8(q8+q4+ 1) 
(G(4): J2) 
(G,(4): U,(4) 4 
(F,(q): Wq)) q even 
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3. If X= S, and G < X is of one of the types (a)-(f) then G n A, is also a 
subgroup of A, of type (a)-(f) unless one of the following holds: 
(i) G is of type (e) and G n A, is imprimitive, as in Remark 2; 
(ii) G is of type (f) and Gn A, is imprimitive-there are many 
examples of this, the smallest being G = L,(7) .2 < SZi. 
4. The theorem can easily be used to construct an algorithm which 
decides the following question: given a primitive permutation group G of 
degree n with socle M, is the normalizer NAJM) a maximal subgroup of 
A,G? 
Notation. If A and B are groups, we denote by A . B an extension of A 
by B. The notation A 5 B means that A is isomorphic to a subgroup of B. 
We use L,(q), U,(q) to denote the simple groups RX.,(q), PSU,(q), 
respectively. Also we often write just r for a cyclic group of order r and r”’ 
for an elementary abelian group of order r”‘. Finally, if A < B then (A : B) 
denotes the set of right cosets of B in A. 
Outline of proof of the theorem. Let G be a permutation group of degree 
n on a set Q, and suppose that G is of one of the types (a)-(f) described 
above. If G is of type (a) or (b) then G” contains either a 3-cycle or a 2*- 
element; and if G < H-C A,G then H is primitive on Q, so n < 8 (cf. [32, 
Sects. 13, 151). It is readily checked that the only such group His AGL,(2) 
with n = 8, as in Table I. Next, if G is of type (c) and G < H < A,G then 
k = 1 by [25], so n =p, a prime. We now see (for example, from the list in 
[7]) that G<A,,p is 7, 11, 17, or23, and His as inTable1. 
In Sections 2-6 we deal with the remaining types for G. Sections 2 and 3 
are devoted to a proof that groups G of type (d) or (e) are always maximal 
in A,G. And in Sections 4-6 we deal with groups of type (f). 
2. MAXIMALITY OF DIAGONAL ACTIONS 
In this section we show that groups G of degree n in the diagonal case 
(d) are always maximal in A,G. The group G has index 1 or 2 in 
Tk. (Out T x Sk) for some nonabelian simple group T and integer k > 2. 
We shall concentrate on the case where this index is 1; in the .Remark 
following Lemma 2.3 we point out the only place where more care is 
needed in proving maximality when the index is 2. Let M be the socle of G, 
so that Mr Tk. We may take (see [24]) 
G=M.(Out TX&) 
= {(a,, . . . . ak) 72 1 ai E Aut T, ?z E Sk, ai = aj (mod Inn T) for all i, j}, 
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where K E Sk permutes the components ai naturally, and for c1 E 52, 
G, = ((a, . . . . a)nIaoAutT,rrES,}=AutTxS,. 
Write D = M,, a diagonal subgroup of M, and identify 52 with 
(M: D), the set of right cosets of D in M. For 1 < i< k let Ti = 
{(PI, a, lkPi)l.EInnT}, so that M=T,x...x Tk and Sk permutes 
the factors T,, . . . . Tk naturally. Note that M is the unique minimal normal 
subgroup of G; and if 1 G : G n A, 1 = 2 then M is still the unique minimal 
normal subgroup of G n A,, except possibly when k = 2. 
Suppose now that G < H < A,G. We shall obtain a contradiction. 
Choose H such that G is maximal in H, and let N be the socle of H. Then 
N=U,x... x U, with all Uiz U for some simple group U. Since 
n= 1 Tlk-’ is not a prime power, U is nonabelian. By the O’Nan-Scott 
reduction theorem for primitive permutation groups (see [24], or [3,4.1] 
amended in [4, Remark, p. SOO]), one of the following holds: 
(a) t = 1, that is, N is simple; 
(/I) H < HowrS,, where H, is primitive of degree n, with socle U, 
and n=n& t>2; 
(y) N,=D,x...xD,, where t = Im for some I > 2, Di is a diagonal 
subgroup of Uci-, ),+ 1 x . . . x U,, and n = I U I(‘- ‘),; 
(6) N,= 1. 
LEMMA 2.1. The group H is not of type (y). 
Proof. Suppose that H is of type (y), so that n = I Tlk-’ = I U\(‘-‘)m. By 
a result of D. N. Teague (see [ 161 for a proof), we have ) TJ = ) UJ and 
k-l=(l-1)m. If m=l then k=l and H,<Aut UxS,. Since 
G, = Aut T x Sk this forces T= U, whence G = H, a contradiction. Thus 
m>,2 and k=(I-l)m+l>max{Z,m}. In particular ka3. Now 
H<(U’.(Out UxS,))wrS, so 
Aut TxS,=G,<H,<(Aut UxS,)wrS,. 
We denote by K the kernel of the action of H on { UI, . . . . U,,,,}, so that HfK 
is isomorphic to a subgroup of S, wr S,. If k >, 5 then as k > 1 and k > m 
(and using the Schreier “Conjecture”), we see that Ak is isomorphic to a 
subgroup of U, so that I TI = I U I 2 I Ak I. It follows that G n K contains M 
and acts on {T,, . . . . T,} as A, or S,. Thus G n K is primitive on Q, 
whereas K is imprimitive, a contradiction. Similarly if k = 3 then m = I= 2 
and G n K contains M and acts as A, or & on {T,, T2, T,}, yielding a 
contradiction as before. Finally, let k = 4, so that I = 2 and m = 3. As above, 
T= U and, since K is imprimitive on 52, we have M < G n K < 
374 LIEBECK, PRAEGER, AND SAXL 
A4. (Out T x V,), where V, is the normal subgroup of S, of order 4. We 
may write N = N, x N, x N, with each Nir T2 and such that H permutes 
(N,, N,, N3}. For 1 < id 3 let pi be the projection of N onto Ni. Since G is 
transitive on {N,, N,, N3} we have p,(M) z T” with x independent of i. 
Also T4 2 MS npp,(M) 5 T6, so that pi(M) = Nig T2 for each i. Then 
Mn(N,xN,)=Mr\kerp,gT’. Since Mn(N,xN,)aM, we have 
Ti < A4 n (N2 x N3) for some i. However, the kernel of the action of G on 
{N,, N,, N,} is transitive on (T,, . . . . T,}, which forces M< N, x N3, a 
contradiction. This completes the proof of Lemma 2.1. 
LEMMA 2.2. The group H is not of type (6). 
Proof: Suppose that H is of type (6), so that N, = 1 and n = 1 UJ ‘. It can 
be shown (see [24]) that H = NP, where P n N = 1 and P 6 S,. For 
1 < id t let U,* z U and let P act on n; U,? as it acts on n; Ui, identifying 
Uy with Ui. This gives an action of P on n; ( Ui x UT). Define X to be the 
semidirect product (ni ( Ui x UT)). P with this action of P. Then X is a 
permutation group of type (y) of degree 1 UJ’ containing HR as a subgroup. 
This means that G < X, a possibility ruled out by the proof of Lemma 2.1 
(note that the maximality of G in H was not used in that proof). 
LEMMA 2.3. The group H is not of type (B). 
ProoJ Assume to the contrary that H 6 H, wr S, as in (/I). Let P be the 
transitive subgroup of S, induced by H on (U,, . . . . U,}. We write 52 = A’, 
where 1 A 1 = n, and H, is primitive on A, and HO wr P has the product 
action on Q. We may assume that the stabilizer of Ui in H acts as H, on 
Ai, the ith component of A’. Let X= H&n H2N. Now N 4 G: for 
otherwise M 4 N and so T = U, whence Uk ~ ’ is regular on 52, which is not 
so. Since G is maximal in H, we therefore have H = XG = NG. Hence 
G/(G n X) z H/X? P and G acts as P on {U,, . . . . U,}. As G n X is 
imprimitive on Q, either G/(G n X) has Sk as a factor group and so t k k, 
or k = 4 and G/(G n X) has S, as a factor group and so t > 3. 
Suppose first that G n N # 1. Then G n N contains the unique minimal 
normal subgroup A4 of G. Let pi be the projection of N onto Ui for 
1 d id t. Then as G is transitive on the Uj, we have pi(M) E T” with x 
independent of i. Further, G normalizes M* = HP,(M) and so as G is 
maximal in H, either M* d G or H = M*G. In the former case M < M* d 
G n N. Since G n N is imprimitive on $2 and M* is a direct product T”’ of 
simple groups, we have M* <M and hence M* = M. Now t 2 k - 1, so 
x = 1 and t = k. If CI = (t(, , . . . . CI,) E Q then M, = M,* is the product of the 
stabilizers of cli in p,(M), contradicting the fact that M, z T. Thus 
H = M*G. Then M* -=I H and so M* = N, the unique minimal normal 
subgroup of H. Hence x = 1 and T = U. As above, for CI E 52, M,* has no 
section isomorphic to T, contradicting the fact that Tr M, < M,*. 
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Thus GnN=l and hence GnX=l, GrP<S, and H=NG. Since 
1 G 1 > n > 4’, it follows from [26] that G is an imprimitive subgroup of S,. 
Let K be the kernel of the action of G on a set 9 of maximal blocks of 
imprimitivity for G in ( Ui, . . . . U,}. Again by [26] we have K# 1, so K 
contains M. If K acts as Ak or Sk on {T,, . . . . Tk} then K is primitive on 52. 
However K normalizes the product Y of the factors Ui of N in one of the 
blocks in @, so YK is primitive on S2 with a normal intransitive subgroup 
Y, which is impossible. Thus K does not act as Ak or Sk on {T,, . . . . Tk}. It 
follows that either GfK has S, as a factor group or k = 4 and G/K has S3 as 
a factor group; in either case the number of blocks in %r is at least k - 1. 
Also, as K B M, the size of a block in .!?8 is at least the minimal index m in 
T of a proper subgroup of T. Thus t > (k - 1) m. Write no = 6” where b is 
an integer which is not a proper power and c1 is a positive integer. Then 
n=ITI k- ’ = 6”‘. Hence all the primes dividing 1 TI also divide b, and in 
particular, b 2 30. It follows that if d = at/(k - 1) then d is an integer, d > m 
and 1 TI = bd. It can be checked easily that this is impossible: all the 
sporadic groups have order divisible by some prime to the first power only, 
and the same is true of the alternating groups by Bertrand’s “postulate” 
[9, p. 3431. And if T is of Lie type, the lower bounds for m implicit in the 
results of [20] yield a contradiction: for example, if T = L,(q) with Y > 5 
then m B qrp ’ - 1 by [20], so 1 TI = bda 30y’-‘- ‘, which is false. 
Remark. In the case where Tk. (Out T x Sk) contains odd permutations 
of S, and G < A,, more care is needed in proving Lemma 2.3 when k = 2 
and G = ( T1 x T2). Out T. Suppose then that G < H < A,, with G maximal 
in H and H of type (/I) above. Then M* r T’ and the proof that 
G n sot H = 1 goes through as above. Also since k = 2, clearly t 2 (k - 1) m 
and the rest of the proof is the same. 
LEMMA 2.4. The group H is not of tyPe (a). 
Proof Suppose that H is of type (a), so that U 4 H < Aut U for some 
nonabelian simple group U. The group H has the maximal factorization 
H= GH, (where a E: Sz). Since G has socle Tk with k 2 2, we see from 
[ 10,231 that either U is an alternating group A,. or k = 2 and one of the 
possibilities in the following table holds: 
U u, T 
SP*nI(q), 
q even, m even 
SPA(q), 
qeven, q>2 
52,+(2) 
O,(q) 
{ 
Wq) 
L*(q2) .2 
Q,(2) 
Sp??l(q) 
L*(q) 
L,(J) 
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Since also U = TkP ‘U, and TkP1 n U, = 1, none of the possibilities in the 
table can arise. Thus U=A,. Let U act naturally on I= (1, . . . . c}. From 
[23] and the fact that Tk d A,, it follows that Tk-’ is h-homogeneous on I 
and U, 3 AcPh, for some h with 1 <h < 5. Since Tk< A, we have 
C,c(Tk-l)#l and hence h=l. But then n=(U:U,)=c and so U=A,, 
which is not so. 
Lemmas 2.1-2.4 provide the desired contradiction, and so the maximality 
of diagonal actions is proved. 
3. MAXIMALITY OF WREATH ACTIONS 
In this section we show that groups G of degree n in the wreath case (e) 
(described in Section 1) are always maximal in A,G. This result is due to 
G. A. Jones, K. D. Soomro, and P. M. Neumann (see [12]), but we 
include our own short proof for completeness. Thus let G = (S, wr Sk) n X 
with XE {A,, S,,}, m >, 5, k 2 2, and n = mk, and assume that G acts 
primitively with the product action on Sz (cf. Remark 2 of Section 1). 
Suppose that G < H< A,G with H maximal in A,G. By the result of 
[Z, Appendix] described in Section 1, His the intersection with A,G of one 
of the following: 
(1) AGL,(p) with n =pd (i.e., H is of type (c)); 
(2) T’. (Out TX S,) with T a nonabelian simple group and 
n = 1 TI’- ’ (type (d)); 
(3) S,,wrSJwithcZ5,d>2,andn=cd(type(e)); 
(4) an almost simple group, that is, Ta H < Aut T for some 
nonabelian simple group T (type (f)). 
Suppose first that (1) holds. Then G 5 G&(p), whence (m - 4) k < d since 
any faithful projective representation of A, has degree at least m - 4 
(see [ 11, Theorem 61 and [3 11). Also m = pa, where uk = d. Thus d 2 
(m-4)dfa and so a>m-4=p”-4. Since m25, this forces a= 1, p=5, 
and hence (S, wr S,) n X< G&(5), which is impossible. Next suppose 
that H is as in (2). Define K= G n T’-=I G. If K= 1 then G 5 Out TX S,, 
whence I> mk and so n = mk 2 1 TJmk- i, which cannot be so. Hence 
K2(A,)k. Since n=I TI’-’ this forces n’>ITJ’>(K( >IA,,,Ik, which is 
impossible as n = mk. Now suppose that (3) holds. Here let 
K=Gn(S,)daG. If K=l then GSS,, whence damk and so mk=cda 
(Ok, an impossibility. Consequently K2 (A,)k. Then A, 5 A, and 
therefore, since m # c, we have m < c and k > d. Also G/K 6 Sd, so 
K2 A,,, wr Ak except possibly if k = 4, when Ka A,,, wr V4 (where V4 is the 
normal subgroup of S, of order 4). In either case K is primitive on Q, 
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which is a contradiction since K lies in the imprimitive group (S,)‘. Finally, 
assume that (4) holds, so that T 4 H< Aut T with T a nonabelian simple 
group. For c1 E 52 we have H = H,G. By inspection of the results of [ 10,231 
we reduce to the case where T is a classical group or an alternating group 
A,. In the latter case we deduce as in the proof of Lemma 2.4 that n = c, 
which is not so. So assume that T is a classical simple group, with natural 
module of dimension d over GF(q), say. As before, (m -4) k < d. Using 
[6], we check that for m > 8, mk is less than the smallest index mT in T of a 
proper subgroup of T, which is a contradiction: for example, if T= L,(q) 
then mT=(qd- l)/(q- 1) by [6], so mk<m““m-4’<2d- 1 <m,. (Note 
that [6] contains some slight errors for the groups 5221+1(3) and U,(2), 
which are corrected in [ 18, Chapter 6]-these errors do not affect the 
calculation here.) Thus m is 5, 6, or 7. Suppose that m = 7. If d > 4k then 
mk c mT as before. The only faithful projective representation of A, of 
dimension less than 4 has dimension 3, and it is realised only over fields 
containing GF(25). Thus if d < 4k then d = 3k and q > 25. Then mk -c mT 
again. Similar arguments rule out the cases where m = 5 and m = 6. 
This completes our proof of the maximality of wreath actions. 
4. CASE (IIA) OF THE THEOREM 
In this section we take G to be an almost simple group of type (f) in A, 
or S,, and suppose that G < H < A,G with H of one of the types (a)-(e). 
We show that G, H are as in Table II of Section 1. 
Write T = sot G. First we remark that H is not of type (a) or (b), since G 
is primitive on 0. 
LEMMA 4.1. Zf H is uffine (of type (c)) then n = 8, G= L*(7), and 
H = AGL,(2). 
Proof. We have H=AGL,(p)n A,G with n=pk, for some prime p. 
Also k > 1, since G < GL,(p). It follows from [7, Theorem l] that either 
n = 27 and T= U,(2) or n = (qd- l)/(q - 1) and T= L,(q) for some prime 
power q. The first case does not occur since U,(2) k L,(3). In the second 
case p[q and by [20], provided (d, q) is not (3,2) or (3,4), we have 
k 3 $(qd-’ - 1). Hence T= L,(7) and n = 8, as required. 
LEMMA 4.2. The group H is not of diagonal type (d). 
Proo$ LetH=Uk.(OutUXSk)nA,Gwithn=IU(k-land Uanon- 
abelian simple group, ,as in (d). If G n Uk = 1 then T5 Sk (using the 
Schreier “Conjecture”); but 1 UI k- ’ divides I TI , whereas I U I k-1 cannot 
divide k!, so this is impossible. And if G n Uk # 1 then T< Uk, whence 
T 5 U. However, I TI 2 n = I Ulk-‘, so it follows that k = 2 and T is regular 
on 0. This contradicts [2, 6.31. 
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LEMMA 4.3. rf n = mk and H = (S, wr Sk) n A,G is of wreath type (e), 
then k = 2 and T is A,, M,,, or Sp,(q) (q even), as in Table II of Section 1. 
Also the degree n is as in Table II. 
Prooj If Tn (S,)k = 1 then T5 S,, whence mk divides k!, which is 
impossible. Thus T< (S,)k. We may write 52 = A, x . . . x A, with each 
I Ai 1 = m, and the ith factor A, of the base group of H acting naturally on 
Ai. Choose dje A,. The action of T on 0 induces a faithful action of T on 
each Aj, and we define Ti = T,,. Since T is transitive on 52, for each j the 
subgroup Uj= filrj Ti is transitive on A,, and thus T= U,T,. In particular 
T= TiTj for any distinct i, j. Since G is primitive on 52, it is transitive on 
the set of factors A, of the base group of H, and hence on the set 
CT 1, ..., Tk}. It follows that for any distinct i, j the subgroups T,, T, are 
conjugate in G, but not in T. 
Pick g E G such that Tf = T2, and let V, be a maximal subgroup of T 
containing T,. Let V, = Vg. Then T= V, V2 is a maximal factorization of 
T. We now appeal to the results of [IO, 231 on factorizations of simple 
groups. These imply immediately that T, I’,, and k are as in the following 
table: 
T VI k 
A6 A5 2 
M** Ml, 2 
sp4(9), 4 even, 4 > 2 0, (4) 2 
PQ,+ (4) Q,(q) 2 or 3 
We now show that the last line of the table does not arise. First let k = 3. 
Then T= V, V2 implies that VI n V2 z G,(q), and hence U, = T, n T2 6 
G,(q). But then T# U,T,, a contradiction. Now let k= 2. If a= (6,, 6,) 
then T, < V, n V, E G,(q). But it follows now from [ 171 that G, can be 
maximal in G only if G contains a triality automorphism of T centralizing 
T,. This is plainly impossible, since such a triality would have to lie in the 
base group (S,)‘. 
Finally, we note that n = m2 must be as given in Table II. For let 
X=Gn(S,)*, so that lG:XI=2 and TaX. If a=(6,,6,) and Xi=X,, 
then X, = X, n X, and X, = Xf. Pick a maximal subgroup W, of X such 
that Xi 6 W, (note from the above table that 1 X: W, 1 = 1 T: VI I). Then 
G,=(X,nX,)+(g)g(W,n Wf).(g), and hence equality holds by the 
maximality of G,. The assertion follows. 
LEMMA 4.4. Each of the embeddings G < H < A,G, listed in Table II of 
Section 1, exists. 
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Proof The embedding L,(7) < AGL,(2) is well known. Now let T and 
I’, be as in the above table in the proof of Lemma 4.3, excluding PsZ,+(q). 
Let T (1 G < Aut T, with G containing an outer automorphism g of T as 
described in Table II of Section 1. Define X< G with 1 G : XI = 2, as follows: 
if T is Sp4(q) we let X= G n Field Inn Diag( T) (the group generated by all 
field, inner, and diagonal automorphisms of T); if T is M,,, we put 
X= hi,,; and if T=& we set X= Gn S6. Also put X, = N,( V1) and 
X, = Xf. Note that we can take g2 = 1 except if T= L+,(q), in which case 
we can take g2 E X,, since either g2 = 1 or g2 induces a field automorphism 
of T. 
Now let A i = (X: Xi) for i = 1,2, and define an action of G on A, x A, by 
for hi, x E X. The group Xwr S2 = (XxX) . (t) acts naturally on 
Q= A, x A, with action 
for hi,xieX. Now define gl:G-tXwrS, and t,b:A,xA,-+A,xA, as 
x$J = (x, x”) (x E -0 
g4=(g2, l)t, 
(X,h,,X,h,)ICI=(X,h,,X,h2g) (hi E X). 
It is readily checked that C$ is a $-monomorphism, that is, 4 is an injective 
homomorphism satisfying (a,, 6,) ht,b = (6,, 6,) +(h$) for all h E G, hie Ai. 
Hence (Gd)R is a subgroup of Sym(A I) wr S,, as required. 
To complete the proof, we show that (Gc$)~ is primitive on 52 in each 
case. Identifying G with G$, we have, for CI E Q, one of the following: 
.~. 
Now the maximality of G, in G follows from [S] for T= A6 or M,,, and 
from [ 1, Sect. 143 for T= Q,(q). 
5. CASE (IIB) OF THE THEOREM 
In this section we take G to be an almost simple group of type (f) in A, 
or L and suppose that G < H< A,G with H also of type (f) and 
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sot G # sot H. We observe that by choosing H to be minimal subject to 
this condition, we may take G to be maximal in H, since from Tables I and 
II in Section 1 we see that no group of type (a)-(e) can lie between G and 
H. Write T= sot G and U= sot H. By the Schreier “Conjecture,” 
G n U # 1, so G n U is transitive on Q. It follows that for a E D we have 
(1) H=GH,, 
(2) G, H, are maximal in H and G, = G n H, is maximal in G, 
(3) U=(Gn U) U,. 
The results in [lo, 231 on factorizations of simple groups now apply. If 
U is a sporadic group or a classical group then it is immediate from [23] 
that G, H, and n are as in Tables IV and VI. And if U is an exceptional 
group of Lie type then [IO] applies (see [lo, Remark 23) to give Table V. 
Finally, the case where U is an alternating group is dealt with in the next 
section. 
6. CASE (IIB) CONTINUED : ALTERNATING GROUPS 
We continue with the notation of Section 5, and suppose that U = A,. If 
c < 6 then clearly c = 6, T= A=,, and n = 10, as in Table III (line - 10). So 
suppose that c > 7 and let U act naturally on I= { 1, . . . . c}. Then H is A, or 
S,.. By [23], the only maximal factorizations of A, or S, are of the form 
AB, where A is the stabilizer of a t-subset of Z and B acts t-homogeneously 
on Z, for some t < 5 with t < SC. 
Suppose first that B = G and A = H,. Since n # c we have t B 2. By (2) 
above (Section 5), G acts primitively on Z (‘1, the set of t-subsets of I. If G is 
not 2-transitive on Z then G has odd order, which is impossible for an 
almost simple group. Hence G is 2-transitive on Z, and T is therefore as 
described in [3, 5.33. If T is L,(q) (da 3), U,(q), or ‘G2(q) then t =2 and 
G preserves a Steiner system on Z, whence G is not primitive on I(*). Now 
let T = L,(q) with c = q + 1. If t = 4 then q is 8 or 32 and G is not primitive 
on Zt4). For t = 3 one checks that PZX,(q) is not primitive on Zc31. And for 
t = 2, note that L,(q) is primitive on Z {*1 if q > 11; the entries in Table III 
for q < 11 are easily checked. If T = *B*(q) then t = 2 and the stabilizer of a 
pair of points of Z is maximal in T (cf. [28]). Next let G = @*d(2) acting on 
the cosets of O&(2) with d > 3. We consider G as acting on the orthogonal 
geometry O,,, r(2). If x, y E Z then x and y are hyperplanes of the same 
type, and x ny has l-dimensional radical (w), whence G{,) < G, and so 
G is not primitive on Z12}. Finally, the remaining eleven examples L2(l 1) 
with c = 11, . . . . Co, with c= 276 in [3, 5.31 are easily handled using [S]; 
note that L2( 11) with c = 11, and Ml1 with c = 12, are not listed in 
Table III, since they are not maximal in A,. 
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NowsupposethatA=GandB=H,.SinceG=(S,xS,_,)nHandGis 
almost simple, we have t < 2. First let t = 2, so that G = S, _ *, H = A,. . Pick 
x, y E Z such that G = Hi,), and write I0 = r\{x, JJ}. Note that G, = Bfx,,) 
is maximal in S, _ *. If G, is intransitive on I,, then G, = S, x S,- I--2 
for some I, and so Gi, and hence B’, contains a 3-cycle. But B’ is 
2-homogeneous, hence primitive, so this forces B = A, by [32, 13.91, which 
is a contradiction. If G, is transitive and imprimitive on I,,, then 
G,=S,wrSb for some a,b with ab=c-2, a>1 and b>l. Then GL, 
hence B’, contains either a 3-cycle or a 2*-element, and so either B= A, or 
c=8 and B=AGL,(2) (cf. [32,Sects. 13, 151). Thus G=&, H=A,, and 
n = 15, as in Table III. Finally, suppose that G, is primitive on Z,. Then 
BtxyI is primitive on IO, and in particular, B is 3-transitive on Z. The 
primitivity of B{,) implies that B is not an afine group, and hence from 
[3, 5.31 we see that either PGL,(q) < B with c = q + 1, or B is a Mathieu 
group. In the first case the primitivity of Btxyi implies that q- 1 =p is 
prime, and hence q=2”, p=2”-1. Then Bt,,,<D,.a and B{,..) is 
maximal in G = S,. This occurs if and only if p is 3 or 7. When p = 3 we 
have B= PZL,(4) E S5 and c = 5, which is not the case. Hence p = 7, 
G = S,, H = A,, and n = 120, as in Table III. Next let B be a Mathieu 
group. It is readily checked that the only cases where Btx,,) is maximal in 
S,- 2 are M,, .2 in S,, and M,, .2 in S2*, leading to the embeddings 
S1,, < A,, < Alt(A,,: M,,) and S2* <A,, < Alt(A,,: M,,) in Table III. 
Finally, let t= 1. Then G is A,.+, or SC-I. Pick XEZ such that G=H, 
and write I, = r\ {x). The group B = H, is transitive on Z, and G, = B, is 
maximal in G. If B, is intransitive on I, then B, = (SC- I _, x S,) n G, 
whence B’ contains a 3-cycle. Thus B’ is imprimitive [32, 13.91. Since B, 
has orbits of size I and c - 1 -I on I,, we deduce that c = 21 and 
B= (S, wr S,) n H. This leads to the example A*,-, <A,, with n = +(<I) in 
Table III. If B, is transitive and imprimitive on I, then B, = (S, wr S,) n G 
with ab = c - 1 and a > 1, b > 1. Then B’ is 2-transitive and contains a 
2*-element. Since B’ $ A,, it follows that B’= L,(2) and c = 7. This gives 
the example A, < A, < A,, in Table III. 
Last, suppose that B, is primitive on I,, so that B’ is 2-primitive. From 
[3,5.3] we see that B is the normalizer in H of one of the groups AGL,(2), 
L,(q), Sp2J2), the Mathieu groups, HS and Co, (note that L,(ll) of 
degree 11, though 2-primitive, is not maximal in A,,). If B= AGL,(2) 
(da 3) then B, = GL,(2) is maximal in A,,- 1 (by inspection of [3, 5.33 
again), so we have the example A2d- 1 c AZd< Alt(A,d: AGLA2)) in 
Table III. If B = PfL,(q) n H with q =p” = c - 1 then B, -C AGL,(p) n G 
unless a = 1, q =p. Suppose then that a = 1. If H = S, = S, + i, then B, = 
p . (p - 1) is always maximal in G = S, ; and if H = A, ,. 1 then 
B, =p . (p - 1)/2 is maximal in G = A, unless p is 7, 11, 17, or 23 (as noted 
before in Section 1). Assume next that B = SPAS with d> 3. Here 
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c = p- 1 f 2d-’ and B, is O&(2), acting with rank 3 on I,. Then B, is 
maximal in A,- 1 : for suppose that B, < K < A, _ 1 with B, maximal in K. 
Then by Section 4, K is almost simple of type (f) on I,. Now K cannot have 
rank 3 on I, by [13], and hence K” is 2-transitive. Using the list in 
[3, 5.33 and simple arithmetic, we see that Kr> L,(q) and c- 1 = 
(q’ - 1 )/(q - 1) for some odd prime power q. This is clearly impossible by 
the lower bounds for r given by [20]. Thus we have the examples 
A,.-, <A, < Alt(A,: Q2J2)) with c = 22d-1 f 2d-1, as in Table III. Next 
we observe that the case where B is a Mathieu group M, with c E { 11, 12, 
22, 23, 24) gives rise just to the examples A,o < A,, < Al2 < Alt(A,*: M,,) 
and A22<A23<A24<Alt(A24: M,,), as in Table III. Also M,, of degree 
c = 12 is not maximal in A,,. Finally let B be HS or Co,. If B = HS then 
c = 176 and B, = U,(5) .2. We assert that B, is maximal in A,,, ; for sup- 
pose that B, < K < A ,75. Since 175 is not a proper power of an integer, or 
the order of a simple group, K is almost simple of type (f) on I,. Moreover, 
K has the maximal factorization K = B,K,, where y E I,. Inspection of the 
results of [lo, 231 shows that sot K must be U,(5), HS, or A,. The first 
two groups have no transitive representations of degree 175. And if 
sot K= A, then da 50 (by [S] for U,(5)), and so A, has no transitive 
representation of degree 175 (since d< 175). Thus we have the example 
A17s<Al76<Alt (Al,,: HS), as in Table III. An entirely similar argument 
justifies the example A,,, < A276 < Alt(A,,,: co,). 
This completes the proof of the theorem. 
ACKNOWLEDGMENTS 
The first author acknowledges the support of the Science and Engineering Research Council 
of Great Britain through an Advanced Fellowship. The second author also thanks the SERC 
for a Visiting Research Fellowship at the University of Cambridge, during which the work on 
this paper was completed. The authors also acknowledge the Australian Research Grants 
Scheme Grant B 84/25502, which supported the final writing of this paper. 
REFERENCES 
1. M. ASCHBACWR, On the maximal subgroups of the finite classical groups, Inoent. Math. 
76 (1986), 469-514. 
2. M. ASCHBACHER AND L. L. SCOTT, Maximal subgroups of finite groups, J. Algebra 92 
(1985), 4480. 
3. P. J. CAMERON, Finite permutation groups and finite simple groups, Bull. London Math. 
Sot. 13 (1981), l-22. 
4. P. J. CAMERON, C. E. PRAEGER, J. SAXL, AND G. M. SEITZ, On the Sims conjecture and 
distance transitive graphs, Bull. London Math. Sm. 15 (1983), 499-506. 
5. J. H. CONWAY, R. T. CURTIS, S. P. NORTON, R. A. PARKER, AND R. A. WILSON, “Atlas of 
Finite Groups,” Oxford Univ. Press, London/New York, 1985. 
CLASSIFICATION OF MAXIMAL SUBGROUPS 383 
6. B. N. COOPERSTEIN, Minimal degree for a permutation representation of a classical group, 
Israel J. Math. 30 (1978), 213-235. 
7. R. GURALNICK, Subgroups of prime power index in a simple group, J. Algebra 81 (1983), 
304311. 
8. E. HALBERSTADT, On certain maximal subgroups of symmetric or alternating groups, 
Math. Z. 151 (1976), 117-125. 
9. G. H. HARDY AND E. M. WRIGHT, “An introduction to the theory of numbers,” Oxford 
Univ. Press, London/New York, 1962. 
10. C. HERING, M. W. LIEBECK, AND J. SAXL, The factorizatons of the finite exceptional 
groups of Lie type, J. Algebra 106 (1987), 517-527. 
11. G. D. JAMES, On the minimal dimensions of irreducible representations of symmetric 
groups, Math. Proc. Cambridge Philos. Sot. 94 (1983), 417424. 
12. G. A. JONES AND K. D. SOOMRO, The maximality of certain wreath products in alternating 
and symmetric groups, Quart. J. Math. Oxford 37 (1986), 419a35. 
13. W. M. KANTOR, Rank 3 characterizations of classical geometries, J. Algebra 36 (1975), 
309-313. 
14. W. M. KANTOR, Primitive permutation groups of odd degree, and an application to finite 
projective planes, J. Algebra 106 (1987), lS45. 
15. W. M. KANTOR AND T. P. MCDONOUGH, On the maximality of PSL(d+ 1, q), d> 2, 
J. London Math. Sot. 8 (1974), 426. 
16. W. KIMMERLE, R. LYONS, AND R. SANDLING, Composition factors from the group ring 
and Artin’s theorem on orders of simple groups, preprint. 
17. P. B. KLEIDMAN, The maximal subgroups of the eight-dimensional orthogonal groups 
Pn,‘(q) and their automorphism groups, J. Algebra, in press. 
18. P. B. KLEIDMAN AND M. W. LIEBECK, “The subgroup structure of the finite classical 
groups, ” London Math. Sot. Lecture Notes, Cambridge Univ. Press, to appear. 
19. P. B. KLEIDMAN AND M. W. LIEBECK, A survey of the maximal subgroups of the finite 
simple groups, Geom. Dedicata, in press. 
20. V. LANDAZURI AND G. M. S~TZ, On the minimal degrees of projective representations of 
finite Chevalley groups, J. Algebra 32 (1974), 41843. 
21. M. W. LIEBECK AND J. SAXL, Primitive permutation groups containing an element of large 
prime order, J. London Math. Sot. 31 (1985), 237-249. 
22. M. W. LIEBECK AND J. S. SAXL, The primitive permutation groups of odd degree, J. Lon- 
don Math. Sot. 31 (1985), 25Ck264. 
23. M. W. LIEBECK, C. E. PRAEGER, AND J. SAXL, The factorizations of the finite simple 
groups and their automorphism groups, in preparation. 
24. M. W. LIEBECK, C. E. PRAEGER, AND J. SAXL, On the O’Nan-Scott reduction theorem for 
linite primitive permutation groups, J. Austrul. Math. Sot., to appear. 
25. B. MORTIMER, Permutation groups containing alline groups of the same degree, J. London 
Math. Sot. 15 (1977), 445455. 
26. C. E. PRAEGER AND J. SAXL, On the orders of primitive permutation groups, Buff. London 
Math. Sot. 12 (1980), 303-307. 
27. J. SKALBA, On the maximality of the projective symplectic group, J. London Math. Sot. 35 
(1987), 75-90. 
28. M. SUZUKI, On a class of doubly transitive groups, Ann. of Math. 75 (1962), 105-145. 
29. V. A. USTIMENKO, On the maximality of finite Chevalley groups acting on classes of 
conjugate maximal parabolic subgroups, Soviet Math. Dokl. 29 (1984), 312-316. 
30. V. A. USTIMENKO-BAKUMOVSKII, Maximality of the group PTL,(q) that acts on subspaces 
of dimension m, Soviet Math. Dokl. 19, No. 3 (1978), 769-772. 
31. A. WAGNER, An observation on the degrees of projective representations of the symmetric 
and alternating groups over an arbitrary field, Arch. Math. 29 (1957), 583-589. 
32. H. WIELANDT, “Finite permutation groups,” Academic Press, New York/London, 1964. 
